Function projective synchronization (FPS) of two novel hyperchaotic systems with four-scroll attractors which have been found up to the present is investigated. Adaptive control is employed in the situation that system parameters are unknown. Based on Lyapunov stability theory, an adaptive controller and a parameter update law are designed so that the two systems can be synchronized asymptotically by FPS. Numerical simulation is provided to show the effectiveness of the proposed adaptive controller and the parameter update law.
Introduction
Chaos has become a focal point in subjects from physics and chemistry [1, 2] to biology and economics [3, 4] on account of its complicated dynamical behavior. The first chaotic system, which is a nonlinear three-dimensional (3D) autonomous one, was found by Lorenz [5] . It exhibits a well-known butterfly-shaped double-scroll chaotic attractor. Since then, many chaotic systems have been reported [6] [7] [8] . These systems display two-wing Lorenz-like attractors. Recently, more attention has been paid to the chaotic systems which can generate multi-scroll attractors, for these systems have more complicated topological structures so that they can be more useful. Some 3D or 4D systems with four-scroll attractors have been found [9] [10] [11] [12] . These systems are all chaotic with one positive Lyapunov exponent. As is well-known, a system with more than one positive Lyapunov exponent is called a hyperchaotic system. It is believed that hyperchaotic systems with multiscroll attractors can clearly improve the security of communication schemes by generating more complex dynamics. However, most of the reported hyperchaotic systems can only generate two-scroll attractors [13] [14] [15] . As far as we know, only two 4D hyperchaotic systems found up to now can generate four-scroll attractors [16, 17] . Therefore, it is very possible that these two systems will be widely adopted in engineering and communication. Moreover, in the investigation of chaos, increasing interest has been devoted to the study of chaos synchronization due to its potential application in electronic engineering [18] , computer and information processing [19, 20] , etc.. Since the pioneering work of Pecora and Carroll [21] , dif-ferent methods have been proposed to achieve synchronization, such as backstepping design [22] , active control [23] , siding mode technique [24] , and so on. Most of the above methods are valid only for chaotic systems whose parameters are precisely known. However, in practical situations, some system parameters cannot be exactly known. The effect of these uncertainties is to destroy the synchronization, since chaotic systems are extremely sensitive to tiny variations of parameters. Therefore, more and more importance has been attached to synchronization of chaotic systems with unknown parameters, which can be realized by adaptive control [25] . In the past two decades, many types of synchronization were discovered, such as complete synchronization (CS) [21] , phase synchronization [26] , lag synchronization [27] , etc.. Among all these kinds of synchronization schemes, projective synchronization (PS) [28] is most of note. In PS, the drive and response vectors evolve in a proportional scale. In the application of secure communications, this feature can be used to extend binary digital to M-nary digital communication [29, 30] for achieving fast communication.
Recently, Li raised a new PS, called modified projective synchronization (MPS), where the responses of the synchronized dynamical states synchronize up to a constant scaling matrix [31] . More recently, a novel synchronization phenomenon, called function projective synchronization (FPS) [32, 33] , has been observed. In FPS, the drive and response systems can synchronize up to a desired scaling function, but not a constant. It is evident that FPS is a more general definition as compared with MPS. The unpredictability of the scaling function in FPS can additionally strengthen the security of communication.
In view of the above, the research on FPS between the two four-scroll hyperchaotic systems with unknown parameters, which will be realized in this paper, has very important theoretical significance and application value. The rest of this paper is organized as follows. In Sec. 2, FPS scheme of two uncertain chaotic systems is presented. Sec. 3 gives a brief description of the two hyperchaotic systems with four-scroll attractors. In Sec. 4, we present the FPS between the two systems via adaptive control when their parameters are fully unknown. Sec. 5 provides numerical simulation to verify the effectiveness of the proposed adaptive controller and parameter update law. Finally, the results in this paper are concluded.
The scheme of FPS
The chaotic (drive and response) systems can be given in the formẋ
where
are the state vectors of systems (1) and (2), respectively; F G : R → R are continuous nonlinear vector functions and U(x y) is a vector controller which will be designed. Let the vector state e( ) = y(
ing function matrix and α 1 ( ) α 2 ( ) α ( ) are called scaling factors, which are continuously differentiable functions. Thus the error dynamical system between the drive system (1) and the response system (2) iṡ
Here
T . Hence the FPS problem becomes the stability of error dynamics (3). If it is globally stabilized at the origin, the FPS of the drive system (1) and the response system (2) can be globally realized.
Definition 1.
For the drive system (1) and the response system (2), it is said they are FPS if there exists a nonzero function matrix
0, where represents the matrix norm.
Remark 2.
If α 1 ( ) α 2 ( ) α ( ) are nonzero constants, FPS is reduced to MPS. If α( ) = λI (λ ∈ R is a constant, and I represents the identity matrix with dimension n), FPS is simplified to PS. When α ( ) = 1 (α ( ) = −1), the problem becomes CS (anti-synchronization).
Systems description
Dadras et al. introduced one of the two hyperchaotic systems with four-scroll attractors in Ref. [16] . The system is described by
where , , , ∈ R are state variables, and , , , , , , and are positive constant parameters. For =8, =40, =2, =14, =0.05, =5, =0.2, the system can generate a four-wing hyperchaotic attractor, whose projections are shown in Fig. 1 
Here , , , ∈ R are state variables, and , , , , , and are real constant parameters. For =50, =-16, =10, =0.2, =16, =0.5, =10,the system can generate a four-wing hyperchaotic attractor with Lyapunov exponents 1 =2.4736, 2 =0.5175, 3 =0, 4 =-58.7248. Its projections are also shown in Fig. 1. 
FPS of two hyperchaotic systems with four-scroll attractors
In order to observe the FPS behavior of the two hyperchaotic systems, we assume that system (4) is the drive system whose variables are denoted by the subscript 1, and system (5) is the response system whose variables are denoted by the subscript 2. The drive and response systems are described by the following equations, respectively, 
By substituting (6) and (7) into (8), we obtain the error dynamical system
To guarantee that system (7) can be synchronized with system (6), i.e., the error dynamical system (9) converges to the origin asymptotically, we choose the adaptive controller as
Here ( =1, 2, 3, 4) are positive real constants, andˆ , ,ˆ ,ˆ ,ˆ ,ˆ ,ˆ ,ˆ ,ˆ ,ˆ ,ˆ ,ˆ ,ˆ andˆ are the parameter estimations of , , , , , , , , , , , , , , respectively. The adaptive parameter update law is chosen 
Then we have the following main result.
Theorem 3.

For given synchronization scaling function matrix α(
) = (α 1 ( ) α 2 ( ) α ( )),
the FPS between the drive system (6) and the response system (7) can be synchronized asymptotically for any different initial condition with the adaptive controller (9) and the parameter update law (9).
Proof. Substituting (9) into (9) leads to the following error system, The time derivation of the Lyapunov function along the trajectory iṡ
Inserting (9) and (10) 
where λ (P) is the minimal eigenvalue of the positive definite matrix P. Thus,
→+∞ e( ) = 0. Therefore, the response system (7) can synchronize the drive system (6) asymptotically by the controller (9).
Numerical analysis
To verify the effectiveness and feasibility of the adaptive controller (9) and the parameter update law (9), we simulate the dynamics of the drive and response systems. In the simulation, we assume the control gain ( 1 , 2 , 3 , 4 )= (1, 1, 1, 1) . The parameters are chosen as =8, =40, =2, =14, =0.05, =5, =0.2, =50, =-16, =10, =0.2, =16, =0.5 and =10 so that systems (6) and (7) can exhibit hyperchaotic behaviors if no control is applied. The fourth-order Runge-Kutta method is employed with time step size 0.001. The initial condition of system (6) is ( 1 , 1 , 1 , 1 )=(5, 5, 5, 5), and the initial condition of system (7) is ( Fig. 2 gives the projections of the drive system (6) and the response system (7). We are unable to ascertain that the two systems have been synchronized by FPS from Fig. 2. However, Fig. 3 shows that the error variables 1 , 2 , 3 and 4 tend to zero, respectively, which illustrates (6) and system (7) under the condition α = (−1 −1 −1 −1), which show that system (7) is totally anti-synchronized to system (6); ( ) and ( ) in Fig. 5 are the projections under the condition α = (0 3 0 3 0 4 0 4), which show that the MPS between systems (6) and (7) is realized. Fig. 5 illustrates that anti-synchronization and MPS are special cases of FPS.
Conclusion
In this paper, the FPS of the two hyperchaotic systems with four-scroll attractors in the presence of unknown parameters is realized via adaptive control. Based on Lyapunov stability theory, we design the adaptive controller with corresponding parameter update law to synchronize the two novel hyperchaotic systems by FPS. All the theoretical analysis and simulation results show the effectiveness of the proposed adaptive controller and parameter update law. As mentioned in Sec. 1, it is very possible that the two four-scroll hyperchaotic systems will be widely adopted in engineering and communication owing to their complicated dynamics. The realization of FPS between the two systems in this paper may accelerate their application in practice.
